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L&t v, ,..., v, be vectors in Z” with D = det(v, ,,.., vn) > 0. Let v,+, be in the cone 
generated by v, ,..., v, and such that v, ,..., vu, v,+ , generate Z” as a Z-module. 
There exists a unique “largest” x not expressible as a nonnegative integer 
combination of v, ,..., v,, v,+ 1 andX=Dv,+,-(v,+...v,+v,+,). 
Sylvester showed that for any two positive relatively prime integers Q, b 
the largest integer x not expressible as ax + by with nonnegative integers x,y 
is given by x = ab - (a + b). 
This result does not generalize to more than two integers in any simple 
fashion, but does generalize to vectors. Let vr,..., v, be a basis for R” and for 
any subset S of R, define the S-cone generated by v, ,..., v, to be the set of 
vectors u,v, + . . + a,~,, with nonnegative coeffkients ui, i = l,..., n, from 
the set S and denote it by S,. The boundary of S, consists of those vectors 
with at least one ai zero and is denoted BS,. 
THEOREM. Let v,,..., v, be integer vectors with determinant 
D = det(v, ,..., vn) > 0. Suppose v,+, is an integer vector in the cone R, 
generated by v1 ,..., v, and such that v1 ,..., v,, v,+, generate Z” us a Z- 
module. There exists a unique vector x in Z” such that every integer vector in 
the interior of x + R,, but no vector in x + BZ,, can be written us 
u,v, + ... + a,v, + an+,v,+, with nonnegative integer coeficients ai, 
i = l,..., n, n + 1, and this vector is 
x=Dv”+,--(v~+...+v,+,). (1) 
Sylvester’s result is given by n = 1. 
Let v be any vector in R” and define D,(v) = det(v, ,..., vi- ,, v, vi+, ,..., vn). 
Then v can be written uniquely as v = a, v, + .‘. + a,,~,, and the coeffkients 
are given by ai = Di(v)/D. 
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The vectors v, ,..., v,, v,+, are dependent and v has an infinite number of 
representations in terms of these vectors, all given by 
’ = 2 (lDiCv) - tDi(vn+ ,)]/D)vi + h,+ 1 
i=l 
as t takes on real values. If v is an integer vector, then since vr,..., v,, v,+] 
generate 2” as a Z-module, there is an integer T depending on v, such that 
all integral representations of v are given by (2) with t = T + t,D and t, 
taking on all integral values. 
An integer vector v can be written as a nonnegative integer combination of 
VI ,***, v,, v,+ , if and only if there exists an integer t, satisfying the system of 
inequalities 
D,(V) - TDi(vn + 1) 2 DDi(vn + l)to 2 - TDi(Vn + 1) (i = l,..., n), (3) 
except that when Di(v,+ r) = 0, the right inequality should read Dt, > - T. 
This follows directly from (2), since D > 0 and Di(v,+ ,) > 0. 
The following lemma is used to establish the inequalities in (3). 
LEMMA. Let a, b be positive integers and x, y any integers with by <ax. 
There exists an integer t satisfying 
by < abt < ax 
provided ab - (a + b) < ax - by. 
Proof. Suppose there is no such t; then ax and by lie strictly between 
consecutive multiples of ab, and being multiples of a and b, respectively, 
satisfy 
Kab+b<by<ax<(K+ l)ab-a. 
However, [(K+l)ab-a]-[Kab+b]=ab-(afb) and this 
contradicts ab - (a + b) < ax -by. 
Proof of the theorem. Let w  be any integer vector in the interior of 
x + R, ; then Di(w) > D,&) = DDi(V”+ r) - D - Di(v,+ ,) from (1). Let t, be 
the first integer greater than or equal to -T/D; then t, satisfies the 
inequalities in (3). This is trivial when Di(v,+ ,) = 0, since it requires 
D,(W) > 0. 
Dt, > - T. 
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But since T was chosen so that D divides D,(w) - TD,(v,+ 1), D must divide 
Di(w), and 
D,(W) > DDi(Vn + t )-D-Di(V,+I)=-Dy 
so both inequalities hold. For those i with Di(v, + ,) # 0, the lemma applies 
with a = D and b = pi(v n + ,), again because T was chosen so that D divides 
D,(w) - TD,(v,+ J. Thus, for each i there is an integer solution t,, but t, as 
defined above must be a common solution. It follows that w  can be written 
as a nonnegative integer combination of v1 ,..., v,, v,+ , . 
Suppose now w  is an integer vector in x + BZ,, then using (1) 
w  = (a, - l)v, + . ..+(a.-l)v,+(D-l)v,+,, (4) 
where a i ,..., a, are nonnegative integers, at least one being zero. Using (2), 
all other integer combination for w  are obtained by adding integer multiples 
of 
O=D,@n+tPt + ... +D,,(vn+t)v,--Dv,+t. 
Let a, = 0 in (4) and compare the coefficients of vi and v,+, in all possible 
representations of w. The coefficient of vi will be -1 + fDi(v,+ J and the 
coefftcient of v,+ , will be D - 1 - fD. Since Di(V,+ i) > 0, these cannot both 
be nonnegative. 
Finally, 2 as given in, (1) is the unique vector with these properties. If 
x, = a,vi + ... + a,v, and xz = b,v, + ... + b,v, are distinct vectors with 
the stated properties and, say, bj > aj for some j, then 
xZ + t(v, + ... + Vi-1 +Vjtl + ... + v,) is in xZ +BZ, and also in the 
interior of x1 + R,, provided t is a large enough integer. This contradicts the 
properties for x, so x is unique. 
If vn+t is not taken to be in R,, then no vector with the stated properties 
need exist. If -v,+ I is in R,, then every integer vector is a nonnegative 
integer combination of v 1 ,..., v, , v,, + i . However, it is possible to find n + 1 
vectors such that none is in the cone of the others, nor is its negative. 
No simple formula is known for Sylvester’s problem with more than two 
integers. Efficient algorithms for finding x in this case have been given [ 1 ] 
and the same problem under suitable conditions in R” may be of interest. 
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